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ABSTRACT: We reformulated the Lagrangian density for single fluid by using Caputo's fractional derivative, then from the 

fractional Euler-Lagrangian equation we obtained the equations that described the motion of single fluid in fractional form. 

Then the Hamiltonian density and the energy-stress tensor are obtained in fractional form from the fluid Lagrangian density. 

From the Hamiltonian density we also obtained the Hamiltonian equations of motion for the single fluid in fractional form. 
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1. INTRODUCTION 
Fractional calculus appeared in many science and engineering 

fields, and recently has become a widely used, because the 

studies proved that the fractional derivatives and integrals are 

appropriate to solve many problems. Many applications are 

found in different fields, such as; dynamical systems, 

electrical circuits with fractance, electrochemistry, multipoles 

in electromagnetism, neurons in biology, the problems of 

viscoelasticity which be solved by Caputo, and many 

others[1]. 
In fluid field,  Bernard [2] described the equations of motion 

for six velocity potentials of perfect fluids which led to a 

variational principle that reproduced the Eulerian equation of 

motion.  Saarloos[3]  shown that the density function (mass , 

momentum and energy fields) obeys a Liouville equation for 

hydrodynamics ideal fluid. Ambrosi [4] given the 

Hamiltonain formulation subject to the gravity force for two 

different irrotational isoentropic fluids density  and evaluated 

the momentum potential density and canonical variables. 

Bokhove, derived the geometric link between the parcel 

Eulerian – Lagrangian formulation and well-known 

variational and Hamiltonian formulation for three  models of 

ideal and geophysical fluid flow. Manoff [5] applied the 

method of lagrangian with covariant derivative to special type 

of lagrangian density depending on scalar and vector fields . 

the corresponding Euler-Lagrange's equation and energy –

momentum tensors are found on the basis of the covariant 

Noether's identities. In another paper Manoff[6] found the 

Euler –Lagrange equations from an unconstrained variation 

principle by using the method of Lagrangian with covariant 

derivatives and additional conditions for the perfect fluid. 

Bhat [7] derived the lagrangian averaged Euler equations for 

barotropic compressible flows by adding dispersion instead 

of artificial viscosity. 

    The main goal of this work is to derive the equation of 

motion in fractional form for the single fluid from the 

fractional Lagrangian density and from the fractional 

Hamiltonian density also to determine the energy-stress 

tensor in fractional form also, by using Caputo's fractional 

derivative. 

2. BASIC DEFINTIONS 
        In fractional calculus many definitions of derivative: 

Riemann-Liouvelle, Caputo, Marchaud and Riesz fractional 

derivatives. The definition of right and left Caputo fractional 

derivatives, respectively, are [8,9]
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Where α   (     )  is the order of derivative,         

,              . (      ) , ( )  denotes to Euler's Gamma 

function. 

3. LAGRANGIAN DENSITY OF SINGLE FLUID 
Invicid fluid means that the force emerging from viscosity is 

small relative to other forces so it can be neglected [10, 11].                                                       

And the Lagrangian density for an Invicid single fluid is  
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   where   (   ) is the potential field 
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   is chemical potential 

From the variation of the action integral we can derive the 

Euler-Lagrangian equation[12] 
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Apply this equation for the Lagrangian density for an Invicid 

single fluid    
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Substitute the results in Eq.(4) , we get the equation of 

motion 
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The Hamiltonian density is  

     (   ) ̇ (   )   (       α) (7) 

where    (   )  is the conjugate momentum and can be 

determined from the relation  
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Then the Hamiltonian density becomes 
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in terms of the conjugate momentum( ), the Hamiltonian 

density is  
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The Hamiltonian equation of motion is 
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The time derivative of conjugate momentum  is  

 ̇     
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 Substitute Eq.(11) in Eq.(10), we get the Hamiltonian 

equation of motion which is the same result of Lagrangian 

equation of motion. 
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To calculate the energy- stress tensor, apply the following 

relation which can be derived from the Noether's Theorem 

[13] 
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Notice,    
  equale to the Hamiltonian density,   
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which represents to the momentum density. 
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which represents to the density of momentum component i. 

for        
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4. EQUATIONS OF MATION IN FRACTIONAL FORM 
FOR SINGLE FLUID LAGRANGIAN DENSITY 

The fractional counterpart for this Lagrangian 

density is  
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the equation of motion using the Euler-Lagrangian 

equation in fractional form is  
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Eq.(20) becomes 
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The expression of the fractional conjugate 

momentum is 
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For the invicid single fluid 
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The fractional Hamiltonian density is 
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The fractional Hamiltonian equation of motion can 

be determined as follow 
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Put these results in Eq.(22) and use(   
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which is the same with Euler-Lagrangian equation 

of motion. 

The fractional energy stress tensor is 
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For the Invicid single fluid 
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5. CONCLUSION   
 In this work we have shown that the Caputo's fractional 

derivative can be used to write the fractional form of the 

Lagrangian density and the Hamiltonian density for single 

fluid, then the fractional equations that described the motion 

of fluids can be obtained from the Euler-Lagrangian equation, 

and the energy-stress tensor in the fractional form were 

obtained also, after that we found, the equations of motion 

from. By after comparing the results of the fractional Euler-

Lagrangian equations and the fractional Hamiltonian 

equations with those in classical results, we observed that the 

results in classical form are only a special case of the 

fractional form.  
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